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GROUP ACTIONS ON ̂ ¿-MANIFOLDS

BY

HSU-TUNG KU AND MEI-CHIN KU

Abstract. By an Ak -manifold we mean a connected manifold with elements

w¡ e H](M), 1 < i < k, such that w, u • • • U wk J= 0. In this paper we

study the fixed point set, degree of symmetry, semisimple degree of symme-

try and gaps of transformation groups on ^¿-manifolds.

1. Introduction. A connected topological or differentiable w-manifold Mm

is called an Ak-manifold, where & is a nonnegative integer, if there exist

w¡ E H\M; Q), 1 < i <k, such that wx\j ■ ■ ■ u wk i* 0. Here H*(M; L)

denotes the Alexander-Spanier cohomology with compact supports, and with

coefficients in L. It follows from the definition that any connected manifold

is an yl0-manifold. For example, the connected sum (Tk X Sm~k) # Mm is an

/1^-manifold.

Let M be a topological m-manifold. The degree of symmetry Nf(M) (resp.

semisimple degree of symmetry N^(M)) of M is defined as the supremum of

the dimensions of all compact (resp. compact semisimple) Lie groups which

can act effectively on M. If M is a differentiable manifold, the degree of

symmetry N(M) [9] and semisimple degree of symmetry NS(M) can be simi-

larly defined by assuming the actions to be differentiable. It is easy to verify

that NT(Mm) <m + N}(M) (resp. N(Mm) <m + Ns(Mm)), and if N^M")

= m + N^(Mm) (resp. N(Mm) = m + Ns(Mm)), then Mm is homeomorphic

(resp. diffeomorphic) to the w-torus Tm [5]. Moreover, there is an interesting

connection with the differential geometry, that is, if Ns(Mm) =fc 0, then M

admits a Riemannian metric with positive scalar curvature [18].

Now let G be a compact Lie group and G -» EG -» BG a universal G-bun-

dle. For a G-space X, the equivariant cohomology of X with coefficients in L

is defined by

H*(X; L) = H*(EG XGX;L).

We shall omit the coefficients L if L = Z or Q in most cases.

In this paper we shall investigate the transformation groups on ^-mani-

folds. First, we examine the fixed point sets of ^-manifolds via the index
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470 HSU-TUNG KU AND MEI-CHTN KU

homomorphism and prove the following result.

Theorem A. Let the torus group G = T" act effectively and differentiably on

a compact connected Ak-manifold M. Suppose K(M) is a polynomial in the

Pontrjagin classes of M with rational coefficients such that

<w, U • ■ • U wk u K(M), [M]> * 0,

where [M] denote the fundamental class of M. If the fixed point set F is not

empty, then at ¡east one component of F is also an Ak-manifold.

A well-known classical result in Riemannian geometry states that if M is a

compact closed differentiable w-manifold, then N(Mm) < <m>, and that

N(Mm) = <w> if and only if M is diffeomorphic to either the standard

sphere Sm or the standard real projective space RPm [7], where <«> denotes

n(n + l)/2 for a nonnegative integer n. We generalize this result by proving

the following:

Theorem B. Suppose Mm is an m-dimensional Ak-manifold. Then

(i) NST(M) < <m - k}.

(ii) NjiM) < k + <m - k).

(iii) Suppose M is compact. Then N-¡{M) = k + </n — k} if and only if M is
homeomorphic to Sm~k X Tk, RPm~k X Tk or Sm~k XZi Tk.

In the differentiable category, (i) is proved by Yau in [23]. For m = k,

Theorem B is also verified by Burghelea and Schultz [5, Theorem A]. If, in

addition, we assume that Ha(M; Q) =£ 0, we can establish a sharper bound

for the invariants N^(M) and Nj{M). More precisely, we have

Theorem C. Suppose Mm is an Ak-manifold, m — k > 19. If there exists an

element u E Ha(M; Q) such that

wx u • • • U wk u u t¿ 0,

then precisely one of the following holds:

(i) Nst{M) < <m - a> + <a>,

(ii) N$.(M) = dim SU(m/2 + 1), where m = m - k.

Theorem D. Suppose Mm is an Ak-manifold. If there exists an element

u E Ha(M; Q) such that

wx U • • • U wk u u ^ 0,       m > 19 + a,

then one of the following holds:

(i) NT(M ) <k + <m - a> + <a>,

(ii) NjiM) < k + dim SU(m/2 + 1).

Theorem D generalizes Theorem 1 in [16].



GROUP ACTIONS ON ^¿-MANIFOLDS 471

Now for a positive integer n, let $(«) denote the largest integer y satisfying

the inequality1

<«-/> + <y><<«-7 + i>.
It is evident that

n > </> + i - 1 and </i - /> > (n - $(n)> > n2/4 + n,

ioii= \,2,...,$(n)iin > 17. (1)

Let m, k be positive integers, m > k and w„ 1 < / < s + 2, a sequence of

nonnegative integers satisfying the following conditions:

m¡ = k¡_x — k„ 1 < i < s + 1 and ms > mí+2 = fcJ+i> where

A:,, 0 < / < s + 1, is a sequence of nonnegative integers with

k0= m- k, ki+x < 0(A:,), 0 < / < s - 1 if s > 1. (*)

The following theorem generalizes Theorem C.

Theorem E. Let Mm be a topological Ak-manifold, and there exist x¡ E

Hm<(M; Q)for 1 < i < s andxs+x E H*+4M; Q),j = 1 or 2, such that

k s + \

n w,. u n *, i= o,
,=i y-i

w/iez-e the sequence m¡, 1 < / < s + 2, satisfies (*) and kx > 19. Then one of the

following holds:

(i)JVf(A/)<2^2<m,.>,

(ii) Wf(M) = 2*=1<™,> + dim SU((mJ+1 + ms+2)/2 + 1).

We can improve Theorem D in the smooth category and prove

Theorem F. Let Mm be a compact connected differentiable Ak-manifold, and

x¡ E Hm'(M; Q),\ < i < s + 2, such that

k s + 2

n w, u n x, * o,
«=i        y=i.

where the sequence m¡ satisfies (*) and ks > 19 + ms+2. Then one of the

following holds:

(i) N(M) < k + 2^2<w,.>,

(ii) N(M) <k + 2Î. ,>,-> + dim SU((m,+ I + mi+2)/2 + 1).

Finally, we prove the following generalized gaps theorem.

Theorem G. Let Mm be a connected topological m-dimensional Ak-manifold,

and k¡, 1 < / < s + 1, a sequence of nonnegative integers with k0 = m — k,

k¡+x < $(k¡), 0 < / < s, and ks > 17. Suppose G is a compact connected Lie

'This definition of $(/i) is a slight improvement of Mann's definition in [20] which is defined as

sup{7|<» -j> + <J> < <» -/+!>- 1}.
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group acting effectively on M, and q > k, where we express G as (Tq X K)/N,

K simply connected semisimple and N a finite normal subgroup of Tq X K.

Then the dimension of G cannot fall into any of the following ranges:

k + 2 <*, - *,+ !> + <*, - *J+1> + <*,+ !>
1=0

s-\

< dim G < k + 2 <k,, - ki+x) + (ks -ks+x + 1>.
Í-0

For k = 0, Theorem F is the "further gaps theorem" of Mann [20].

2. Index homomorphism and the fixed point set. Throughout this section we

assume that all manifolds are compact connected orientable and differentia-

ble and the actions are smooth.

Let M and N be differentiable G-manifolds and/: M -» N be a differentia-

ble equivariant G-map. Choose an equivariant embedding e: Af-> V, where

F is a complex linear G-space. Let v be the normal bundle of the embedding

f = fXe:M^>NX V.

Denote the disk and sphere bundle (resp. unit disk and unit sphere) of v (resp.

V) by D(v) and S(v) (resp. D and S). We can assume that /: M -» N X D.

The Gysin homomorphism

f:HG(M)^HG(N)

is defined as /, = <f>0~ xf*<¡>

HG(M)^HG(D(v)/S(v))^HG(N X D/N X S)^HG(N)

where </> and c>0 are Thorn isomorphisms and f* is induced by the collapsing

map

/: N X D/N X D -± D(v)/S(v).

If N is a point, we denote the Gysin homomorphism by

Ind: H*(M)^H*(BG),

and it is called the index homomorphism [11], [12], [22].

For a vector bundle |, denote x(0 its Euler class. We shall denote the

vector bundle

R" -» EG XG R" —» BG

simply by EG XG R", where G acts orthogonally on R". Now let G = T" and

S he the multiplicative subset of H*(BG) defined by

S = {x(EG XG Z?")|G acts on R" without trivial direct summand}.

If G = S\ then S = 2,>0//2'(5G) and H*(BC) = Z[t], deg t = 2. Let F be

the fixed point set of the action of G on M. Then there is a localization
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isomorphism [10], [24]

S~xi*: S-XHG(M) = S-XH*(F) = S~XH*(BG X F),

where /: F-> M is the inclusion. Let F = U sj-\Fp Fj components, and iy.

Fj^M

bundle

Fj^> M the inclusion with normal bundle vy Denote the Euler class of the

EG XGVj EGXG Fj

simply by Xg("j) and call it the equivariant Euler class of vr It is known that

(cf. [11])

i/'jM = Xc("y) • X

for x E H£(Fj) and Xg(vj) is a unit in S~xHG(Ff).

Theorem 2.1 (Lefschetz fixpoint formula [11], [22]). Let G = T" act on

a manifold M with fixed point set F = U sj-\Fj- Then the following diagram

commutes.

S-lH*G(M)

s-'Lif/xc^)

TJS-xHG(FjrT.S-x\nAl

Since the natural map H*(BG) -» S   XH*(BG) is injective, for any u E

HG(M) we have

Ind.-S-'Slndi/iuVxeOy),

inS-xH*(Bc).

Theorem 2.2. Suppose G = T" acts on a manifold Mm. Let a, E H"<(M)

and b¡ E H£(M), 1 < i < k, be such that

(i) <a, U • • • U ak, [M]> * 0,

(ii) i*b, = a„  1 < i < k, where /*: H£(M)

inclusion i: M —> EG XG M.

Then the fixed point set F is not empty.

H*(M) is induced by the

Proof. There is a commutative diagram [12]

H*G(M)-~- + H*(BG)

H*(S2m +1 xS 2m+l
P,

M) —^ H*(CPn x CPm),
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where P, is the Gysin map (the Poincaré dual of the homology homomor-

phism), and./* is induced by inclusion. Take m = 0; then

j$lnd(bx U • • • U bk) - PJ$(bx u • • • U bk) = P,i*(bx u • • • U bk)

= P,(ax U • • • U ak) = (ax u • • • U ak, [M]> =£ 0.

Hence, Ind(6, U • • • U bk) =£ 0. Notice that

P,:Hm(Sx X ■ ■ ■ X Sx XGM) = Hm(M) -* H°(CP° X ■ ■ ■ X CP°)

and

7*: //°(5G) -* #°(CP° X • • • X CP°)

can be identified as the identity maps. On the other hand, it follows from the

Lefschetz fixpoint formula that

Ind(6, U • • • U bk) = S~x^\ndi*(bx U • • • U bj/xety * 0.
j

Therefore, F is not empty.

This simple result includes many known results in smooth transformation

groups concerning the existence of the fixed point set. For instance:

(a) M is totally nonhomologous to zero in the fibration M-> EG XGM^>

BG; then /'* is surjective (cf. [3]).

(b) A Pontrjagin number of M is nonzero (cf. [6]).

(c) The Euler characteristic x(^0 ^ 0- This can De proved as follows. Since

we have

i*(x(EGXGM))=x(TM),

and

if(X(EG XG M)) = x(Bc xG TFj)xg(vj) = x(TFj)Xg(vj)

(where TM denotes the tangent bundle of M),

x(M) = lndX(EGXGTM)

= yZlndxif(EGxGTM)/xG(vj)
j

= ^lndx(TFj) ^^x(Fj) = X(F).
J J

Lemma 2.3. Let T" act almost effectively on the manifold M, and

i*:Hir,(M\Q)^Hi(M;Q)

is induced by inclusion.

(i) If F is not empty, then i* is surjective for i = 1.

(ii) Let T" be a maximal torus of a compact connected semisimple Lie group

G, and the action of T" on M extends to an action of G. Then i* is surjective for

i = 1, 2.
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Proof, (i). Let tr: M -> M/T" be the orbit projection. By [4, p. 161]

ir*:Hl(M/T;Q)-*Hl(M;Q)

is surjective. The result follows from the following commutative diagram:

Hl(M¡Tn;Q)^ Hl(M;Q)

where trx : ET* X T„ M —> M/ T" is the projection,

(ii) Since G is semisimple,

H¡(BG;Q) = 0,       i = 1,2,3.

Hence, it follows from the spectral sequence of the fibration

M -» EG X G M -> BG

that ¡* is onto for i = 1, 2, where /*: HG(M\ Q)->H'(M; Q). Hence the

required conclusion follows from the following commutative diagram, where

j* is induced by the inclusiony': T" —» G.

H%(M;Q)

X
H*(M;Q)

H*^(M; Q)

Proof of Theorem A. The proof is almost identical with the proof of

Theorem 2.2. By naturality of Pontrjagin classes, if we let KG(M) = K(EG

X G TM) be a polynomial in the Pontrjagin classes of EG X G TM by using

the same polynomial as the one used in K(M), then i*KG(M) = K(M). By

Lemma 2.4, /*: HG(M; Q)->HX(M, Q) is surjective; hence there exists

w, e HG(M; Q), 1 < i < k, and

7*Ind(w, u • • • U wk u KG(M)) = (wx u • • • U wk U K(M), [M]) * 0.

Again, by the Lefschetz fixed point formula we have

Ind(w, u • • • U wk u KG(M))

= S-X^\ndi*(wx) ■ ■ ■ i;(wk)i;(KG(M))/xc(fj)
j

= S i?(*ù ■ • • i;(*k)K(EG XaiTFj © Pj))/Xg(pj)}/[FjI
j

where /[F] denotes the slant product, and
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i/i«,) E H\Fy Q) = HX(BG X Fy Q).

Hence, there exists at least one j such that

0 f i*(wx) ■ ■ ■ if(wk) E H*(Fy Q).

This completes the proof of Theorem A.

Let T" be a maximal torus of a compact connected semisimple Lie group

G, and G acts effectively on the Ak-manifold M. By Lemma 2.3 there exists

w¡ E Hr»(M; Q) such that i*(w¡) = w¡, 1 < / < k. We have the commutative

diagram

HG{M; Q)     ™      H*(BG; Q)

n w
H**(M; Q)     ™     H*(BT„; Q)

where j* is induced by the inclusion. It is well known that

j*H*(BG; Q) = H*(BT„; Q)W(G\

where W(G) denotes the Weyl group of G. By an easy spectral sequence

argument there exist w- E HG(M; Q) such that j*Wj ■» w,, 1 < /' < k. Hence

Ind(w, u • • • U wk U KTn(M))

= j*lnd(wx u • • • U wk u KG(M)) E H*(BT.; Q)W(G\

Thus we have proved

Proposition 2.4. Let T" be a maximal torus subgroup of a compact

connected semisimple Lie group which acts effectively on the Ak-manifold M. If

T" is extendable to an action of G on M, then

lnd(wx u • • • U wk u KT.(M)) G H*(BT„; Q)W(G).

In particular, if G = S3, then for Sx c S3

\nd(wx u • • • U wk U KS,(M)) E Q[t2].

Examples. Let M = Tk x CP3, k > 0. Define an action of Sx on M as

follows. For g E Sl, (x, [z0, z„ z2, z3]) E Tk X CP3, define

g(x, [z0, z„ z2, z3]) = (x, [ ga°Zo, g^zx, ga*z2, ga>z2])

where a0, a„ a2 and a3 are distinct integers. We have fixed point set

F= U,4_,i}with

Fj,- Tk X {xj},   x0 =[1,0,0,0], ...,    jc3 = [0,0,0, 1].

The local weights ß(/y) of the representation of S ' on i>- restrict to a point in

Fj is given by

Q(Fj)-{(a, -ay)t\i*j}.
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Hence

P(ES, Xs, vy) = II{1 + (a,- aft2},

and

Xs'("y) = u (a, - ay)t3,
i*j

where P(ES¡ xs, vy) denotes the total Pontrjagin class of the bundle Es>

Xji^ÄjiX Fj. Thus if we let vv, G Hg,(M) be such that i*Wj = wp

{w„ . . ., wk) a base of HX(M, Q) such that <w, u • • • U wk, [Tk]) - 1,

then

Ind wx ■ ■ ■ wkP(Esi Xs¡ TM)

= S~x,2lndwx- ■ ■ wkP(Es, Xs, TM)/x(Es> Xs, vy)
j

= ^P(Es,xs,vy)/x(Es,xs,vy)
j

= 2{n{l+(aI.-a,)V}/n(a,-a,.)i3)
J    <■ i¥-j i¥=j I

= (a3 + a2- ax- a0)(ax + a2 - a0 - a3)(ax + a3 - a0 - a2)t3 € g[r2]

if a0 + a, ^ a2 + a3, a0 + a2 7e ai + a3 and a0 + a3 ¥= ax + a2. By Proposi-

tion 2.4 these actions cannot extend to the action of S3.

By using the same technique, it is easy to construct T2 actions on Tk X

CP3 which are not extendable to actions of SU(3).

3. Degree of symmetry and semisimple degree of symmetry. The following

lemma may be found in [14], [15].

Lemma 3.1. Let G = Gx X K be a compact connected Lie group acting

effectively on a connected topological manifold M. Suppose dim G, =

NT(Gx(x)), where Gx(x) is a principal G, orbit in M. Then K acts almost

effectively on the orbit space M/Gx.

We shall always express a compact connected Lie group in the following

form, and call the G,'s the normal factors of G (or G):

G = G/N = (Tq X K)/N = (T" X Gx X ■ ■ ■ X Gv)/N, (2)

where Tq is a a-torus (q > 0), each G, is either simple simply connected or

isomorphic to Spin(4) s Spin(3) X Spin(3), and there is at most one Spin(3),

and A7 is a finite normal subgroup of G. Note that the group K is semisimple.

Lemma 3.2 [19]. Let G be a compact connected Lie group acting almost



478 HSU-TUNG KU AND MEI-CHJ.N KU

effectively on a connected topological manifold M, and t denote the dimension of

a principal orbit. If G has a decomposition of the form (2), then there exist

positive integers t¡ such that dim G, < <i,>, 1 < i < v, and 2"_ !r, < t - q.

As an easy consequence of Lemma 3.2, we have

Corollary 3.3 [14], [15]. Suppose the compact connected Lie group G acts

almost effectively on a connected topological m-manifold M. Let the positive

integers tj satisfy

(i) dim G, < </,>, 1 < i < v, and1%xt¡ < m - q,

(ii) tj: < f, < ß < m, 2 < j < v, for some integer ß.

Then

dim G < </?> + (m - ß).

Lemma 3.4 [16, Main Lemma]. Let G be a compact connected Lie group

acting effectively on a connected topological m-manifold M,m > 19. Then if

dim G > m2/4 + m/2,

exactly one of the following holds:

(a) M is diffeomorphic to CPk (m = 2k), G acts transitively on M and G is

locally isomorphic to SU(k + 1).

(ß) M is diffeomorphic to CPk X Sx (m = 2k + 1), G acts transitively on

M and G is locally isomorphic to U(k + 1).

(y) M is a simple lens space finitely covered by S2k + X (m = 2k + 1), G acts

transitively on M and G is locally isomorphic to U(k +1).

(S) G contains a normal factor G, «a Spin(«) where

(a)n > m/2 + 1,

(b) G, acts almost effectively on M with principal isotropy subgroup H

whose identity component H° is a standard imbedded Spin(n — 1) in Spin(«).

The assumption of compactness in the Main Lemma of [16] is unnecessary

as we have observed in [14].

Lemma 3.5. Let k0, kx be positive integers satisfying <fr(k0) > kx > 17. Then

(k0 -kx-u) + (kx + u)< (k0 - kx) + (kx - *(*,)> (3)

if 1 < u < k0/2 - kx - 1.

Proof. To verify (3), it is enough to prove the following inequality holds.

u(2k0 - 4kx - 2m) > 2kx®(kx) - $(/c,)2 + $(kx).

Let f(u) = u(2k0 - 4kx - 2u) - {2kx®(kx) - <S>(kx)2 + $>(kx)}. Then/'(«) >

0 if u < k0/2 — kx. Hence/(m) is increasing for 1 < u < k0/2 — kx - I. We

see easily that/(l) > 0. This proves (3).

We shall always assume that G is a compact connected Lie group acting
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effectively on M with dim G = NT(M) (resp. dim G = N$(M), N(M) or

NS(M) depending on the hypothesis). In order to get a better estimate, we

shall assume that k is the largest integer such that wx\j • • ■ u wk =£ 0 in

defining the ^¿-manifold.

Proof of Theorem B. (i) Let m: M -» M/G be the orbit projection. Since

the group G is semisimple, Hx(G(x); Q) = 0 for all x E M. Hence,

m*:Hx(M/G;Q)^Hx(M;Q)

is an isomorphism by the Vietoris-Begle mapping theorem and dim M/ G >

k because M is an ^¿-manifold. On the other hand, if we let G(x) be a

principal orbit, then dim M/ G = m — dim G(x) [3]. It follows that dim G(x)

< m - k, and dim G < (m — k}.

(ii) Since NT(Tm) = m, we may assume that M is not homeomorphic to

Tm. Express the group G in the form (2). Then dim K < <w - k) by (i). We

consider two cases.

(a) dim K = (m — k}. Then the group K must act almost effectively on a

principal Af-orbit of dimension m — k, K isomorphic to Spin(w — k + 1) and

K(x) « Sm~k or RPm~k. It is well known that Ny(K(x)) - dim K; hence Tq

acts almost effectively on the orbit space M/K by Lemma 3.1. Note that

dim M/K = k. It follows that q < k and hence

NT(M) = dim G = q + dim K < k + {m - k).

(b) dim K < (m - £>. Apply the gap theorem [19] to the manifold Wm~k,

where

K(x)    iidimK(x) = m- k,

W = \ K(x) X S""-*-dta *w   with K acting trivially on s™-*-«1™ *W

if dim/qx) < m - Á:. (4)

Then we have

dimAT< <m - Â: - 1> + 1 (5)

with the following three exceptions:

m - k = 4,    W « CP2,    AT « SU(3), (6)

m-k = 6,    W^S6,   K*zG2,

the exceptional simple Lie group of rank 2,        (7)

m - k - 10,    W« CP5,   Kœ SU(6). (8)

Suppose NT(M) > k + <w — &>, we will proceed to show that all cases (5)

through (8) are impossible. Suppose (5) holds. Then q > k + (m — k} —

dim K > m — I. Or q > m. Hence M is homeomorphic to Tm which is a

contradiction. Now rank G < m. But if any of (6), (7) and (8) holds, it would

imply that rank G > m + 1. For example, let us assume (6); then q > k +

<4> - 8 = k + 2, and rank G = g + 2>A; + 5>/n-l-l.
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(iii) By hypothesis dim G = NT(M) = k + (m - k). Then

k + <m - k) = dim G = g + dim K < q + {m - k).

Hence k < q. We will show that k < q cannot occur. If not, m — q < m - k

- 1. The group K acts almost effectively on M/Tq by Lemma 3.1. Hence

dim K < (m — g> < (m - k — 1) = (m - k) — m + k

and

A: + (w — &) = dim G < q + </w — &) — m + k.

This implies that m = k = q which is an obvious contradiction. Hence we

have k = q,Kœ Spin(m - k + 1) and A" acts transitively on M/Tq « Sm~*

or RPm~k. Again, by Lemma 3.1, Tk acts almost effectively and transitively

on M/K; hence M/ K is homeomorphic to Tk.

Notice that the action of AT on M has all orbits of the same type. This

follows from the fact that any point in M can be expressed as gtx for g E K,

t E Tk, and a fixed x G M. Moreover, Kgtx = gKxg~x. Hence, we have a

fibre bundle

K/KX^M^M/K^ Tk

with associated principal bundle

L -+ F(KX, M) -± Tk

where F(KX, M) denotes the fixed point set of Kx action on M, L = N(KX,

Spin(m - k + l))/Kx, the normalizer of Kx in Spin(m — k + 1) and Kx =

N(Spin(m - k), Spin(w — k + 1)), or Spin(w - k). Thus L = identity or Z2

and

MœK/Kx XLF(KX,M)

by [17]. The result follows easily.

Proof of Theorem C. Let

N*T(M) = dim G > {m -a> + <a>. (9)

We shall proceed to show that (ii) holds. From (9) we have

N$.(M) > m2/4 + m/2.

By Theorem B, for any principal orbit, say G(x), dim G(x) < m. Define W as

in the proof of Theorem A (using G instead of K). Apply Lemma 3.4 to the

action of G on W, we have the following two possibilities:

(a) The principal orbit G(x) = W «s CP1', m = 2k and

dim G = dim S\J(k +1) = dim SU(m/2 + 1).

This implies (ii).

(S) G contains a normal factor G, « Spin(«), n > m/2 + 1, and G, acts

almost effectively on M with orbits some combination of fixed points, RP"~X

and S"~x. Let ß = max(a, m - a). Then we can show that n — I = tx < ß;
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hence ß > tx > tp 2 < j < v. By Corollary 3.3,

dim G < (m -ß) + (ß) = (m -a) + (a),

which contradicts (9).

Proof of Theorem D. Assume dim G = Ny(M). If g < k, the result

follows immediately from Theorem C. So we shall assume that q > k.

Suppose

NT(M) >k + <m-o> + (a).

Recall that ß = max(a, m — a).

(a) m + 1 < q + ß, that is, m — q < ß - 1. Since dim K < </w — g>, we

have

dim G < g + <w - g> < g + </? - 1> < A: + </?> + <m -0>.

(h) m > q + ß. Then m - g > ß > 19 by hypothesis and

(g - A:)(g + k + 1 + 2a - 2m) < 0. (10)

Suppose dim AT < <w — g — a> + <a>. Then

dim G <q + (m - q - a) + (a) <k + (iñ-a) + (a)    (by (10)),

which is a contradiction. Hence,

dim K > (m - q - a) + (a) > m2/4 + m/2,

where m = m — g > 19. Now we can repeat the argument of the proof of

Theorem C to obtain either

dim G = q + dim SU(w/2 + 1) < k + dim SU(m/2 + 1),

or G contains a normal factor G, « Spin(n), n — l = f,</? = max(m — a,

a). If /? = a, then by Corollary 3.3

dim K < (m — g — a) + <a).

If ß = w - a,

dim G < g + (m — q — (m —a)) + (m —a)

= g + <A: + a-g> + <m-a><A + <a> + (m -a).

Corollary 3.6. (i) N^Tk x CP") = dim SU(n + 1).

(ii) Ny(Tk X CP") = k + dim SU(n + 1).

Proof. Notice that there is a natural action of Tk X SU(« + 1) on Tk X

CP". Hence the results follow from Theorems C and D.

Corollary 3.7. Let M¡"<, i = 1, 2, be compact connected topological mr

manifolds, mx > m2. Then

(i) NUT* X Mxm' X Mp) < (mx) + <m2> ifmx + m2 > 19.

(ii) If (mx — m-/f > 2(mx + m2)andmx > 19, then

NT(Tk X A/,m' X M?>) <k + <m,> + <m2>.
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Remark. We can modify part of the proof of Theorem D to give a different

proof of Theorem B(ii) so that we can avoid the use of the gap theorem.

Theorem 3.8. Let Mm be a compact connected differentiable m-dimensional

Ak-manifold, k J= m — 3, m — 1, m. Then Ns(Mm) ■» <w — k} if and only if

Mm is diffeomorphic to Sm~k XZi P.

Proof. By hypothesis, if dim G = Ns(Mm), then G sa Spin(m - k + 1)

and the principal orbit is either Sm~k or RPm~k. Hence

M = d(Dm-k + x XZiP),

with A//G« P/Z2 [17]. It is easy to see that P is an Ak-manifold. But

dim P = k; hence 3P = 0. It follows that M = Sm~k XZ¡P.

Corollary 3.9. Let Mm be a compact connected differentiable m-dimen-

sional Am_2-manifold. Suppose there exists u E H2(M; Q) such that wx

U • • • U wm_2 U u¥=0.

(i) If Mm is not diffeomorphic to S2 Xz P for any Am_2-manifold P of

dimension m — 2, then NS(M) = 0.

(ii) If H*(M; Q) * H*(S2 X P; Q) for any manifold P, then N(Mm) < m
-2.

Proof. It suffices to prove (ii). Suppose N(Mm) > m - 1. Then N(Mm) =

m - 1. By (i) there is an effective action of Tm~x on Mm. Hence the principal

orbit is of codimension 1. By a result of Mostert [21] one can show that

M = Tm~2 X P,P = T2,RP2,S2ot Klein Bottle, which is a contradiction.

The result (i) is a slight improvement of [5, Theorem B].

Define the torus-degree of symmetry T,(M) of a connected topological

manifold M as the maximum of the dimension of torus groups which act

effectively on M.

Proposition 3.10. Sidppose M is a compact connected topological m-dimen-

sional Ak-manifold. If the Euler characteristic x(^0 's nonzero, then T,(M) <

m - k. Thus, if N^(M) = 0, then NT(M) < m - k.

Proof. Let T" act effectively on M with Tt(M) = n, and F be the fixed

point set. Then F is not empty. Otherwise, x(M) = x(^) = 0. By [4], we can

show that the projection m: M-» M/T" induces a surjection it*: Hx(M/T";

Q) -» HX(M; Q) because F is not empty. Hence m — n = dim M/T" > k.

Suppose now that both N^(M) and x(^) are zero. Is Ny(M) < kl We can

show that the answer is affirmative if 2k > m - 1 by using Theorem A in the

smooth category.

Corollary 3.11. Let M be a compact connected topological Am_ymanifold

of dimension m. Suppose there exists u E H3(M; Q) such that wx u • • • U
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wm_3 U u ¥= 0 and the Euler characteristic x(^0 is odd. Then NT(M) < 3.

Proof. By [5, Theorem C], N^(M) = 0. Hence N-^M) = Tt(M). The result

follows from Proposition 3.10.

Now we can construct systematically infinitely many manifolds with very

little symmetry as follows:

Examples. Let Mm be a compact connected orientable differentiable

m-manifold.

(i) (Cf. [5], [23].) If x(M) * 2, then N(M jf Tm) = 0.

(ii) If x(^0 ^ 2, and Mm is not a rational cohomology w-sphere, then

N(M % Tm~2 X S2) < 2.

(iii) If x(A/) is odd, then N(M # Tm~3 X S3) < 3.

Question. Suppose W(M) = 0. Is Ns(Tk X M) = 0?

Lemma 3.12 (see proof of [19, Theorem 1]). Let G be a compact connected

Lie group acting almost effectively on an integral cohomology manifold M. Then

the group G can be decomposed as

G=TqXHxKxV

where H, K and V are the direct products of G¡s (cf. (\)for notation) and K and

V act almost freely on a principal G/ Tq orbit M0 with dim K < dim V.

Moreover, if we let H = G, X • • • X Gk, there are t„ 1 < / < v, satisfying

Lemma 3.2, with

k

2 i, = dim M0 — dim V.
i = i

Proof of Theorem E. Let dim G = Nj(M), where G is semisimple. The

group G acts on M with the dimension of principal orbits less than or equal

to kQ. Suppose

dim G > 2 <™,> = 2 <*/-. - K) + (ks -ks+x) + (ks+x).    (11)
i=i i=i

It follows from (11) that dim G > k\/4 + k0. Thus from the proof of [16]

there exists a normal factor G, of G such that Gx = Spin(n,), nx > k0/2 + 2.

Let tx = nx — 1. Suppose tx > mx. Then nx — 2 > mx. Consider the projection

trx: M~*M/GX. Since irxx(x) is a point, RP"'~X or S"1-1 for each x E

M/Gx,

irf: H'(M/GX; Q)^H'(M; Q),       i < nx - 2.

Thus Hk+m'+-+m-*'(M/Gx; Q) ^ 0. However,

dim M/Gx = m - tx<k + k0/2 - 1

and k + mx + ■ ■ ■ + ms+x > k + kJ2 + 1 by ( * ) and (11). It follows that
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f, < m, = k0 — kx. Now we divide the proof into two cases.

(a) /, < Ä:0 — A:, — 1. Let tx = k0- kx - u, u > I. Since tx > k0/2 + 1,

1 < u < k0/2 — kx — \. By Lemma 3.12, the group G can be decomposed as

G = H X K X V, where H, K and V are each direct products of G,'s and K

and V act almost freely on a principal G-orbit M0 with dim K < dim V = w,

H = GJt x • ■ ■ x Gj acts almost effectively on Mx = MJ V, dim Gj <

(tj), 1 < / < e, and
e

2 th = dim A/0 - dim V < kQ - w. (12)
/-i

Since V is either a product of simple groups or identity, dim V = w > 3 or 0.

Clearly, G, must be a factor of //. We may assume that G, = G,, and denote

ji simply by i, 1 < / < e. Thus we have

k

2 t¡ < k0 - w - tx = kx + u - w. (13)
i = 2

By Lemma 3.5, since 1 < u < k0/2 — kx - 1, we have

(k0 - kx-u) + (kx + «> < <À:0 - *,> + <*, - *(*,)>.

It follows that

dim G = dim H + dim V + dim AT

< 2 <0 + 2w < (k0 - *, - t/>  +¿ <i,> + 2w   by (13)
;=1 i=2

< <A0 - kx - u) + (kx + u - w} + 2w

< (k0 - kx - u) + (kx + u) - <w> + 2w

< (k0 - kx) + (kx - 0(A,)> - (w) + 2w

< (k0 - kx) + (kx - 0>(kx))

< <*o - *i> + <*, - k2) < 2 <^,-i - k¡> + (ks+l)
i = i

which contradicts (11). Hence tx < k0 - kx - 1 is impossible. Thus we have

(b) /, = mx = k0 — A,.

Let (L]) denote the conjugacy class of the principal isotropy subgroup of

the action of G. The group Kx — G/Gx acts almost effectively on Wx =

M(L X/Gx by Lemma 3.1, where

M(LÙ ={xE M\(GX) = (L,)},

and dim W, = m — mx = kx + k. It is easy to see that dim Kx(x) < kx for a

principal A'-orbit A^x), so
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dim Kx > 2 <*,-. - K> + <**+>> > k\/4 + kx.
i = 2

Thus, AT, (and hence G) contains a normal factor G2 = Spin(/i2), n2> kx/2 +

2. Let t2 = n2 - 1. Note that (M{L{)/GX)/G2 = M(LÙ/GX X G2, and the

dimension of the principal orbit of G, X G2 action is equal to r, + r2. Hence,

the identity component of the principal isotropy subgroup is locally isomor-

phic to SO(«, — 1) X SO(«2 — 1). We can consider the projection m2: M-»

M/ G, X G2 and repeat the proof of (a) to show that t2 = m2 = kx — k2.

We continue the above process by considering A"2 = G/Gx X G2 acting

almost effectively on W2 = (WX)(L¿/G2, where (L2) is the conjugacy class of

the principal isotropy subgroup of Kx on Wx, dim W2 = k2, and so on until

we have exhausted G,, G2,.. ., Gd, where d = e if e < s, and d = s + 1 if

e > s + 1. Moreover, for 1 < j < d, Gj = Spin(m, + 1), t} = w, = k}_x — kp

and A} = G/G, X • •• X G, acts almost effectively on Wj = (W/.^/Gj

of dimension k¡. There are two subcases.

Subcase (a'), e < s; hence a" = e. In this case, dim H = 2*_i<A,_, — fc(>,

and

2 h■ = 2 (^i-i - A,) = A0 - Ae < w - A: - w
i=i i=i

by (12). Hence w < ke. As e <, s and Ae > 19,

2w < 2Ae < (ke - *(ke)) < <Ae - ke+x).

It follows that

e+l i+2

dim G < dim H + 2w < 2 <^,-i - *»■> < 2 0,>-
i=i i=i

Subcase (b'). e > * + 1 ; hence a" = 5 + 1. Now A^ acts almost effectively

on Aj-manifold Ws and

dim A, = dim G -dim G, X • • • X Gs > <wJ+1> + <wJ+2> > A2/4 + ks/2.

Hence we must be in one of the possibilities (a) or (S) of Lemma 3.4. In case

of possibility (5), A^ contains a normal factor Gs+X = Spin(«J+1), ns+x > ks/2

+ 1. Then ts+x = ns+x — 1 < ms+x. If not, we get a contradiction by applying

the Vietoris-Begle mapping theorem to the projection

tts+x: M-*M/GX X • ■ • X Gs+X.

Now we consider the action of Ks on Ws. It follows from Corollary 3.3 that

dim A; < (ms+x) + (ks - ms+x) = <mi+1> + (ms+2).

Hence

i + 2

dim G <  2 (m¡)-
i = i
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If we have the possibility (a), then Ws = CPk-/2, Ks « S\J(ks/2 + 1), and

K acts transitively on Ws. Hence Gs X Ks acts transitively on Ws_x, and so

on. Finally, G acts transitively on M. Moreover, W} = M0/Gx X ■ • • X G,

for 1 < j < s. In particular,

dim G = dim G, X • • • X Gs X 811(^/2 + 1)
S

= 2 <"0 + dim SU((mJ+1 + ms+2)/2 + 1).
1 = 1

This implies the possibility (ii).

Corollary 3.13. If mx, m2,. .., ms+2 satisfy (*), then

i + 2

N$.(Tk x Jiff" X • ■ •  X M^Xf) < 2 <>,>>
i=i

where A//"> are compact connected topological mrmanifolds.

Proof of Theorem F. The proof will be by induction on s. The assertion is

certainly true when 5 = 0 which is precisely Theorem D. If s > 0, then we

assume by induction that the assertion is true for s — 1. Let dim G = N(M),

where G = (Tq X K)/N, K semisimple. If g < k, the result follows from

Theorem E. Suppose now that q > k and

dim G > k + 2 <>,> = k + 2 (ki-x - *,> + (ks+x).
i=i i=i

We divide the proof into two cases.

(a) g > kx + k. Then m — q < k0 — kx — 1 and

dim G < g + (w — g) < g + (A0 — kx — 1)

5+2

= A: + <A0 - kx) + (g - w + kx) < £ + 2 <>,>
i = i

because A, < S*!2^"1*)-

(b) g < A, + A. Then

dim AT > 2 <*,-> - *,> + <*î+1> - kx > <A0 - A,> > A2/4 + A0
i = i

by (1). We can repeat the argument of the proof of Theorem E to show that K

(and hence G) contains a normal factor G, «s Spin(m, + 1) with possible

orbits some combination of fixed points, RP™' and Sm\ Hence we have

Af«3(£>m' + 1 XZiP)

where dP = F(Spin(mx + 1), M). The projection m: A/-> A//G, induces the

isomorphism
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■n*: H'(M/GX; Q) -> H'(M; Q) (14)

for / < mx - 1. Since M/Gx « P/Z2, we have Hm-""(P/Z2, Q) i- 0 and

dim P/Z2 = dim M/Gx = m- mx. It follows that 9P = 0 and M = Sm' X

Z2P.

From (14), we see that there exist w¡ E HX(P; Q), 1 < i < k, and x, G

//m(P; Ô), 2 < í < 5 + 2, such that

k j + 2

IT w¡, u Uxj^ o.
/=I 7=2

Moreover, by [13] we can lift the action of G on M to G~on d(Dm'+x X P).

Thus by Lemma 3.1 G/Gx acts almost effectively on P [13]. Hence by

inductive hypotheses,

5 + 2

dim G/G, < A+ 2 (mi),
i = 2

or

s

dim G/Gx < A + 2 (m¡) + dim sU((mi+1 + ms+2)/2 + 1).
1 = 2

This completes the proof of the theorem.

Corollary 3.14. Let mx, m2, . . ., ms+2 satisfy ( * ). Then

N(Tk X Mf" X • • • X MpX CPk-/2) = k + 2 <™,> + N(CPk'/2)
i = i

where M^ is either diffeomorphic to £""■ or RP""*.

Suppose now that Mm is an Ak -manifold. If M admits a nontrivial differen-

tiable S'-action and /'*: H^(M; Q) -» HX(M; Q) is not onto, then the action

of Sx cannot extend to S^-action. It follows that we only need to consider

those actions of Sx on M with w¡ G HS\(M; Q), i*w¡ = w¡, 1 < / < k, in

studying NS(M). By Proposition 2.4 we have

Proposition 3.15. If for all nontrivial differentiable Sx actions on M (where

iv,, 1 < / < k, are defined)

\nd(wx u • • • U wk u KS,(M)) (£ Q[t2],

for some KS¡(M) (see §2 for notation), then NS(M) = 0.

4. Gaps in the dimensions of transformation groups. In this section we shall

apply the technique used in the previous sections to obtain the gaps in the

dimensions of transformation groups on ^¿-manifolds Mm.

Theorem 4.1. Let G be a compact connected Lie group acting effectively on a

connected topological m-dimensional Ak-manifold M, m > 17. If q > k, then
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dim G cannot fall into any of the following ranges:

k + (in -a) + <«> < dim G<A + < m - a + 1>,

a = l,2,...,$(m).   (15)

Proof. If g = A, then (15) reduces to

(m -a) + <a> < dim K< (m -a + 1>. (16)

But the dimension of K cannot fall into the range (16). Here is an easy proof.

Suppose (16) holds. Then

dim K > m2/4 + m

by (1). According to Lemma 3.4, K contains a normal factor G, = Spin(/i),

and

dim Gx = dim Spin(n) = <n - 1> = </,> < (m -a + 1>.

Hence r, < m - a. However, /, > m/2 + 2; hence /, < tx, 2 < j < v. Thus

dim A" < <m -a) + (a)

by Corollary 3.3.

Suppose now that q > k. If (15) holds, then

dim G > k + (m -a) + (a).

We can use the same proof as the proof of Theorem D to show that

dim A" > (m — q — a) + (a).

If n - 1 < m - a, we get

dim G < A + <m -a> + <a>

by Corollary 3.3 which is a contradiction. Hence dim Spin(n) > <m — a +

l>and

dim G>q + (m-a+l)>k + (m-a+l)

which contradicts (15).

The assumption q > k is necessary, as we can see from the following

example. Let M = Tk X Sm and G = Tq X Spin(m) and G acts diagonally

on M, q < k. Then       ,

k + (m -2> + <2> < q + (m -1> = dim G < A + <w -1>

if 2A + 4 < m — q.

Remark 4.2. We have observed in [14] that Lemma 3.2, Corollary 3.3 and

Lemma 3.4 remain true for integral cohomology manifolds. Hence Theorem

4.1 can be stated for integral cohomology manifolds. The boundary is not

necessarily empty because we only use the fact that for effective semisimple

Lie group actions on ,4^-manifolds, the principal orbits have dimension less

than or equal to m = m — k.
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Lemma 4.3 [14], [20]. Let M be a connected integral cohomology m-manifold

and A,(i = 0, 1, . . . , s + 1) any sequence of positive integers satisfying k0 =

m, ki+x < $(k¡), 0 < / < s, and ks > 17. If G is a compact connected Lie group

acting effectively on M, then dimension of G cannot fall into any of the following

ranges:

5-1

2 <*, - *,+,> + (ks - ks+x) + (ks+x) < dim G
1=0

< 2 <*- **+!> + <*,-*»+, + l>. (17)
1=0

Proof. We shall give a new simple proof (cf. [14]). The proof will be by

induction on s. The assertion is true when 5 = 0 by Remark 4.2 (take A = 0).

If s > 0, then we assume by induction that the assertion is true for s — 1. Let

the Lie group G satisfy (17). Then we have

dim G > (k0- kx) > m2/4 + m.

By Lemma 3.4, there is a normal factor Gx of G such that Gx « Spin(/i,),

nx > m/2 + 2. Let tx = nx - 1. If dim G, > <A:0 - kx + 1>, then

2 (k¡ - ki+x) + (ks - ks+x + I)
i=0

< <A0 - A,> + / X(*i - *,+,) + *5 - *5+. + 1 )

< <A0 - A,> + <A, - Ai+1 + 1> < <A0 - A,> + <A,>

< <A0 - A, + 1> < dim G„

which is impossible. Thus dim G, = <ij> < <A0 - A,>, and tx < k0 — tx. We

shall show that tx = k0 - A,. Otherwise tx = k0 - A, - u, u > 1. By Lemma

3.12, we have the decomposition G=TqXHxVxK. We may assume

that H = G, X • • • X Gk. Moreover

2 ', = dim M0 - dim V - tx < kx + u - q - w,
i = 2

where w = dim V. Notice that /, > A0/2 + 1, hence 1 < u < kJ2 — kx — 1.

Thus we can apply Lemma 3.5. It follows that
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dim G = dim H + dim V + dim K + q < 2 <'«■> + 2w + Q
1 = 1

k

= <A0 - A, - h> + 2 (0 + 2w + q
i = 2

< <A0- A, - «>+ / 2 t,J +2w + q

< (A0 — A, — w) + (A, + u — q — w} + 2w + q

< <A0 - A, - m> + <A, + u) - (q + w> + 2w + g

< <A0 - A,> + <A, - 0(A,)> - <g + w> + 2w + g

< <A0 - A,> + <A, - *(*i)> < (k0 - kx) + <A, - A2>

which contradicts (17). Hence /, = A0 — A,. Since the G,-orbits are some

combination of S'', RP'' and fixed points, by Lemma 3.1, the group Kx =

G/ Gx acts almost effectively on M^H)/GX, where (//) denotes the conjugacy

class of the principal isotropy subgroup of the action of G. Now the

dimension of Af(//)/G, is equal to k0 — tx — A,, by inductive hypothesis,

dim Kx cannot fall into the following ranges:

1 = 1

5-1

< dim A", < 2 <k, - A,+1> + <A, - ks+x + 1>.
i = i

It follows that dim G cannot fall into the ranges (17).

Proof of Theorem G By Lemma 4.3, dim K cannot fall into the range

(17). Hence, q > k. Suppose now that

k + 2 (kt - ki+x) + (ks - ks+x) + (ks+x)
i = 0

5-1

< dim G < A + 2 (k¡ ~ *,+ »> + <A, - ks+x + 1>
i = 0

and q > k. We consider two cases.

(a) q > kx + k. This is impossible (see proof of Theorem F).

(b) q < A, + A. Then we can show as before that G contains a normal

factor G, « Spin(m, + 1). Moreover, the orbit space M/Gx is an integral

cohomology Ak-manifold possibly with boundary of dimension m — mx. The

group Kx = G/Gx acts almost effectively on M/Gx. Since the theorem is true

for i = 0, by induction dim AT, cannot fall into the following range:
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5-1

A + 2 (k¡ - A, + 1> + <A, - AJ+1> + <Ai+1>
i=i

5-1

< dim A", < A + 2 <*,• - ki+x) + (ks - ks+x + 1>.
i=i

This contradicts (18), and the proof of the theorem is complete.
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